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Abstract. Let M be the class of all transcendental meromorphic functions 
/ : C — > C|J{oo} with at least two poles or one pole that is not an omitted 
value, and M a = {/ £ M : f has at least one omitted value}. Some dynam- 
ical issues of the functions in M are addressed in this article. A complete 
classification in terms of forward orbits of all the multiply connected Fatou 
components is made. As a corollary, it follows that the Julia set is not to- 
tally disconnected unless all the omitted values are contained in a single Fatou 
component. Non-existence of both Baker wandering domains and invariant 
Herman rings are proved. Eventual connectivity of each wandering domain is 
proved to exist. For functions with exactly one pole, we show that Herman 
rings of period two also do not exist. A necessary and sufficient condition for 
the existence of a dense subset of singleton buried components in the Julia 
set is established for functions with two omitted values. The conjecture that a 
meromorphic function has at most two completely invariant Fatou components 
is confirmed for all / £ M except in the case when / has a single omitted 
value, no critical value and is of infinite order. Some relevant examples are 
discussed. 



1. Introduction 

Let / : C — > C = C U {00} be a transcendental meromorphic function. The set 
of points z 6 C in a neighborhood of which the sequence of iterates {f n {z)}^L is 
defined and forms a normal family is called the Fatou set of / and is denoted by 
J-(f). The Julia set, denoted by J{f), is the complement of F(f) in C. It is well- 
known that the Fatou set is open and the Julia set is a perfect set. A component of 
F(f), to be called as a Fatou component, is mapped into a component of J 7 ^/). For 
a Fatou component U, Uk denotes the Fatou component containing f k {U) where 
we take Uq — U by convention. A Fatou component U is called p-periodic if p is the 
least natural number satisfying U p — U. We say U is invariant if p — 1. An invariant 
component U is called completely invariant if / _1 (i7) = U. If U is not periodic but 
U n is periodic for some natural number n, then U is called pre-periodic. A Fatou 
component is called wandering if it is neither periodic nor pre-periodic. A periodic 
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Fatou component of a meromorphic function is one of the five types, namely an 
attracting domain, parabolic domain, Herman ring, Siegel disk or Baker domain. 
A Siegel disk or a Herman ring is not completely invariant by definition. A detailed 
description can be found in [4 . Each limit function of {/ n } ra >o on [/ is a constant 
if U is an attracting or a parabolic domain whereas it is a nonconstant function if 
U is a Herman ring or a Siegel disk. On a Baker domain, each limit function of 
{f n } n >o is either infinity or one of its pre-images. The sequence {/™} n >o can have 
infinitely many subsequential limits (which are all constants in C) on a wandering 
domain. The connectivity of a periodic Fatou component is known to be 1, 2 or oo. 
An invariant Fatou component is doubly connected if and only if it is a Herman 
ring. It is not known whether a doubly connected periodic Fatou component of 
period greater than 1 is always a Herman ring i7 3 ■ A pre-periodic Fatou component 
can have any finite connectivity [3]. 

Let M be the class of transcendental meromorphic functions / : C — > C such 
that / has either at least two poles or exactly one pole that is not an omitted value. 
These functions are usually referred to in the literature as general meromorphic 
functions. The backward orbit of oo is an infinite dense subset of the Julia set in 
this case. Let Of denote the set of all omitted values of /. Then Of has at most 
two elements and for each u> € O/, there is no ordinary point lying over w and each 
singularity of / _1 lying over w is necessarily transcendental (in fact direct). The 
definition and classification of singularities of inverse function of a transcendental 
meromorphic function can be found in [6]. 
Let 

M = {f G M : Of + 0} and M k a = {/ G M : Of has k elements} for k G {1, 2}. 

For / G Mg, let Of — {a, b}. Then for a mobius map T with T(a) = 1 and 
T(b) = — 1, T(f) G Ml and O t(/) = {1, -I}. Now, ^ffi-i is a transcendental 
entire function omitting and can be written as e 2g for some entire function g. 
Thus, T(f) = and f(z) = 5(tanh(. 9 (z))) for the mobius map S(z) = T~ l {\). 

Note that 5(1) = T" 1 ^) = a ^ oo and 5(-l) = T^-l) = b ^ oo which gives 
that 5 _1 (oo) ^ ±1. A point z is a pole of / iff tanh(g(z)) = 5 _1 (oo). Since / is 
a meromorphic function with two distinct finite omitted values, Picard's theorem 
implies that / has infinitely many poles whenever / G M|. Similarly, a function in 
can be written as ^jjy + a where a is the omitted value of / and h(z) — f^)-a 
is an entire function. In this case, / can have finitely many poles. 

Singular values are well-known to be related in an important way to the dynamics 
of a meromorphic function. For a transcendental meromorphic function, omitted 
values are a special kind of singular value. The significance of these values to 
some dynamical issues is investigated in this article. It is shown that the local 
dynamics of a transcendental meromorphic function at its omitted values determine 
the topology of its Fatou set and hence of its Julia set in considerable detail. This 
in turn leads to several useful conclusions. A multiply connected Fatou component 
of a transcendental entire function is known to be a Baker wandering domain [2]. 
A transcendental meromorphic function with exactly one pole that is an omitted 
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value has at most one multiply connected Fatou component and this must be doubly 
connected [F. Multiply connected wandering domains for functions in Mj? = {/ G 
M : f has at most finitely many poles} were discussed in Zheng [16 and Rippon 
et al. [15j . However, multiply connected Fatou components of general meromorphic 
functions are not restricted in general and this is a characteristic departure from 
all the earlier cases. 

Our earlier discussion shows that M a |~| Mp ^ and M a \ Mp ^ 0. This article 
examines multiply connected Fatou components for functions in the class M Q and 
establishes a complete classification in terms of the behavior of their forward orbits. 
It is shown that such a Fatou component is either wandering or lands only on some 
special types of components, namely a Herman ring, infinitely connected Baker do- 
main or a Fatou component containing all the omitted values of the function. As a 
corollary, it follows that the Julia set of / is not totally disconnected unless all the 
omitted values are contained in a single Fatou component. Some additional results 
on the dynamics of functions in M a are also presented, the proofs of which partly 
depend on the key ideas of the proofs of the earlier results. Invariant Herman rings 
and Baker wandering domains are shown to be non-existent for all functions in M Q . 
Eventual connectivity of each wandering domain is determined. For functions with 
exactly one pole, we show that Herman rings of period two also do not exist. A 
necessary and sufficient condition for the existence of a dense subset of singleton 
buried components in the Julia set is proved for / G M%. The conjecture that a 
meromorphic function has at most two completely invariant Fatou components is 
confirmed for all / G M a except the case when / has a single omitted value, no 
critical value and is of infinite order. Statements of all results with brief motivation 
and implications are given in Section 2. Section 3 contains the proofs of Theo- 
rems (l)-(5). The rest of the results are proved in Section 4. Some examples are 
discussed at relevant places. 

For a closed curve 7 in C, let B(^) denote the union of all the bounded com- 
ponents of C \ 7. For a domain D in C, we denote its boundary and connectivity 
by dD and c{D) respectively. By a component of the Julia set we mean a maxi- 
mally connected subset of the Julia set. We denote the component of the Julia set 
containing a point z G C (or a set A) by J z (or J a)- For a set A, let \A\ denote 
the number of elements in A, A c its complement in C and A its closure in C. A 
Fatou component U is said to land on a Fatou component V if U n = V for some n. 
Unless specifically mentioned, by saying 'for all n\ we mean 'for all n G N1J{0}' 
throughout this article. 

2. Results 

A classification of all multiply connected Fatou components of / G M a is made 
in the sense that each such component is wandering or lands on a Fatou component 
U where U contains all the omitted values of /, or U is either a Herman ring or 
an infinitely connected Baker domain of period greater than 1. Precise situations 
leading to these possibilities are the content of Theorems (|2.1[) - (|2.8|) . 

We say a Fatou component V is SCH if one of the following holds. 
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(1) V is simply connected. 

(2) V is multiply connected with c(V n ) > 1 for all n G N and Vn is a Herman 
ring for some n G N1J{0}. 

Clearly, U is SCH implies XJ X is SCH whenever c(U) > 1. 

Theorem 2.1. Let f G M and J(/)H / ^ J / / G M o or / e mi/j 
iTo/ 1 > 1; then each Fatou component of f is SCH. 

The next two results deal with the situation when Of intersects the Fatou set. 
If the set Of intersects two Fatou components U\ and C/ 2 , then exactly one of the 
following conditions holds: 

(a) Both U\ and Ui are unbounded, 

(b) Exactly one of U\ and U2 is unbounded, call it U\ and XJ\ is simply connected, 

(c) Exactly one of U\ and U2 is unbounded, call it U\ and U\ is multiply connected 
with U2 contained in the unbounded component of £7f, 

(d) Exactly one of U\ and U% is unbounded, call it U\ and U\ is multiply connected 
with U2 contained in a bounded component of t/f , 

(e) Both U\ and U2 are bounded. 

Theorem 2.2. Suppose f € M a . Let the set Of intersect two distinct Fatou 
components U± and U2 off. Then, 

(1) If either (a) or (b) is satisfied, then all the Fatou components of f are 
simply connected. 

(2) The possibility (c) cannot be true. 

(3) If either (d) or (e) is satisfied, then each Fatou component of f is SCH. 

Theorem 2.3. Suppose f £ M a . Let Of be contained in a Fatou component U 
and V be a Fatou component with V n ^ U for any n G N[J{0}. Recall that 'for all 
n ' means 'for all n G N IJ{0} '• 

(1) If U is unbounded, then c(V n ) = 1 for all n. 

(2) If U is bounded, then V is SCH. 

(3) If U is wandering, then c(U n ) = 1 for all n. 

(4) Let U be pre-periodic but not periodic. If U is unbounded, then c(U n ) = 1 
for all n. If U is bounded, then U is SCH. 

(5) If U is periodic, then c(U n ) — 1 or 00 for all n. 

Example 2.4. Both the possibilities of Theorem 12.31 (v) can be true. To see it, 
consider A siu z h m ; where m or ?- is an odd natural number and A G ffi \ {0}. It is 
shown in [12] that the only omitted value is in -F(/a) for all A. Further, a critical 
parameter A* > is found such that J-{f\) is connected and c(J ? (/a)) = 00 for all 
|A| < A* and for |A| > A*, each component of J- (fx) is simply connected. Denoting 
the Fatou component containing by U we have for |A| < A*, U = F(fx) and 
c(U n ) — c(F(fx)) = 00 for all n. For |A| > A*, U is a 2-periodic component and 
c(U n ) = 1 for all n. 

Remark 2.5. The Fatou component V as assumed in the Theorem 12.31 may not 
always exist. This is illustrated in the above example where each Fatou component 
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eventually lands on a periodic Fatou component (1-periodic for |A| < A* and 2- 
periodic otherwise) that contains all the omitted values of the function. 

The residual Julia set of /, denoted by J r {f), is defined as the set of all those 
points in J{f) that do not belong to the boundary of any Fatou component. As 
observed by Baker and Dommguez [pj, this set is also residual in the sense of 
category theory. A component of J{f) that is contained in J r {f) is called a buried 
component. For \Of\ = 1, Of f)J(f) ^ and \ Jo s \ = 1, the Fatou set has at 
least one multiply connected component. The next two theorems deal with all the 
multiply connected Fatou components in this situation. We say a point z is a pre- 
pole if f n (z) = oo for some n G N. Recall that for two Fatou components U and 
V, U is said to land on V if U n = V for some n £ N1J{0}. 

Theorem 2.6. Let f e Ml, Of = {a} C J(f) and \J a \ = 1. If J a is not a 

buried component of the Julia set, then f has an infinitely connected Baker domain 
B with period p > 1 and a is a pre-pole. Further, for each multiply connected Fatou 
component U of f not landing on any Herman ring, there is a non-negative integer 
n depending on U such that U n = B. In this case, singleton buried components are 
dense in J(f). 

Corollary 2.7. Let f E Ml, Of = {a} C J(f) and \ J a \ = 1. Then, 

(1) Ja is not buried if and only if a is a pre-pole. 

(2) / has no completely invariant Fatou component. 

Proof. (1) If J a is not buried then a is a pre-pole by Theorem l2.6l Conversely, 
let a be a pre-pole. Then J^ is a buried component of the Julia set when- 
ever J a is. Suppose J a is a buried component. By taking a continuum c 
in J(f) with sufficiently small diameter such that it separates J a from oo 
we can see that / _1 (c) has an unbounded component which must be in the 
Julia set. However, it is not possible as J^ is a buried component. Thus 
J a is not buried. 

(2) If / has a completely invariant Fatou component U, then J a C J(f) = dU, 
which means that J a is not buried and c(U) > 1. By Theorem l2.61 U must 
land on a Herman ring or on a Baker domain of period greater than 1 which 
contradicts the complete invariance of U. To see this, note that a Herman 
ring is not completely invariant by definition. Hence, the claim follows. 

□ 

Theorem 2.8. Let f € Ml, Of = {a} C J(f) and \ J a \ = 1. If J a is a buried 
component of the Julia set, then all the multiply connected Fatou components not 
landing on any Herman ring are wandering and a is a limit point of {f n } n >o 
on each of these wandering domains. Further, if J-(f) has a multiply connected 
wandering domain, then the forward orbit of a is an infinite set and singleton 
buried components are dense in J(f). 

For functions with two omitted values, if at least one omitted value is in the Julia 
set then each multiply connected Fatou component (if it exists) ultimately lands on 
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a Herman ring. The same is also true when a function has only one omitted value 
and the component of the Julia set containing this value is nonempty and not a 
singleton (see Theorem 1). On the other hand, if there is only one omitted value of 
a function and the component of the Julia set containing this value is a singleton, 
then each multiply connected Fatou component is either wandering or eventually 
becomes a Herman ring or an infinitely connected Baker domain of period greater 
than 1. A multiply connected Fatou component (if it exists) ultimately lands on a 
Herman ring or on a Fatou component containing all the omitted values whenever 
all the omitted values are in the Fatou set. As evident from the aforementioned 
theorems, there are situations in which multiply connected Fatou components do 
not really occur. 

The conclusion of the next result is known for all transcendental meromorphic 
functions with finitely many poles [5]. 

Corollary 2.9. Let f G M a . If Of is not contained in a single Fatou component 
of f , then J(f) is not totally disconnected. 

Proof. If all the Fatou components are simply connected, then J'(f) is connected 
and the claim follows trivially. Suppose J-(f) has at least one multiply connected 
component U. Then U is either a wandering domain or lands on V where V is 
a Herman ring or a Baker domain of period greater than 1 by Theorems (12. ip . 
(|2.2[) , (|2.6I) and (|2.8[) . Therefore, U cannot be completely invariant and J-(f) has 
at least one component different from U. The boundary of U has a non-singleton 
component and thus, J(f) is not totally disconnected. □ 

For a function / e M a not satisfying the assumption of the above corollary, 
everything is possible regarding the connectivity of the Julia set as described by 
the following examples. 

Example 2.10. Let M* be the class of all meromorphic functions / in M Q with 
Of contained in a single Fatou component of /. Then, 

(1) There exists a function f\ g M* such that J{fi) is disconnected but not 
totally disconnected. This can be seen by taking fi(z) — X(e z + 1 + ^fxi), 
< A < A* where A* is as defined in [11 . This function has a single 
omitted value 2 A and it is proved in [11] that the Fatou set is an infinitely 
connected attracting domain containing 2A and the Julia set is not totally 
disconnected. 

(2) There exists a function fi £ M* such that J{j?) is totally disconnected. 
This can be seen by taking f?,(z) — Atanz, —1 < A < 1. In this case, 
•^(iy is connected and contains Of 2 = {i\, —iX} but J{f\) is a totally 
disconnected set [TO] . 

(3) There exists a function f$ £ M* such that S{fs) is connected. By taking 
fe(z) — X si ^ h m , m or ^ is an odd natural number and A is any non-zero real 
number, it is observed that Of 3 — {0}. A critical parameter A* > is found 
in [T2] such that for |A| > A*, J-{fz) is the basin of attraction or parabolic 
basin corresponding to a 2-periodic point and £ -^(/a)' Further, it is 
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proved that all the Fatou components are simply connected which means 
that J(fz) is connected. 

The following result on singleton components of the Julia set is proved by 
Dommguez in [8]. 

Theorem 2.1 (A). Let f be a transcendental meromorphic function satisfying one 
of the following. 

(1) T(f) has a component with connectivity at least 3. 

(2) J-(f) has three doubly connected components Ui, i = 1, 2, 3 such that either 
(a) each component lies in the unbounded component of the complement 
of the other two or (b) two of the components U\, U2 He in the bounded 
component ofU§ but U\ lies in the unbounded component ofU^ and U2 lies 
in the unbounded component of U^. 

Then, singleton components are dense in 3(f). 

Ng et al. [13] proved a generalization as follows. 

Theorem 2.2 (B). Let f be a meromorphic function that is not of the form a + (z — 
a)~ k e g ( z \ where k is a natural number, a is a complex number and g is an entire 
function. Then J(f) has buried components if f has no completely invariant Fatou 
components and its Julia set is disconnected. Moreover, if !F(f) has an infinitely 
connected component, then the singleton buried components are dense in J(f). 

Using the above two results, we give a necessary and sufficient condition for 
existence of singleton buried components in J(f) for / € M% . 

Theorem 2.11. Let f £ M%. Then, the singleton buried components are dense 
in J(f) if and only if T(f) has no completely invariant component and J(f) is 
disconnected. 

Remark 2.12. (1) The above result is similar to the so-called Makienko's con- 
jecture, which states that the residual Julia set of a rational function of 
degree at least two is empty if and only if the Fatou set of / has a com- 
pletely invariant component or consists of only two components. 

(2) The proof of Theorem 12 . 1 1 1 shows that the Julia set contains singleton com- 
ponents whenever it is disconnected. This is the conclusion of Theorem A 
for all meromorphic functions when the Julia set is disconnected in some 
specific ways not covering all possibilities. 

(3) Suppose / £ and F(f) has a Herman ring. Existence of a completely in- 
variant Fatou component U would imply that each Fatou component other 
than U is simply connected. A Herman ring is not completely invariant 
by definition and hence is different from U. Thus, the Herman ring must 
be simply connected which is a contradiction and we conclude that J-(f) 
has no completely invariant component. Since J(f) is disconnected, by 
Theorem 12.111 singleton buried components are dense in J(f) whenever 
/ 6 Mg and F{f) has a Herman ring. 
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Corollary 2.13. Let f G M%. If F(f) has a completely invariant component V 
and J{f) is disconnected, then V is the only multiply connected Fatou component 
and C{V) = oo. Further, Of C V. 

Proof. A disconnected Julia set implies the existence of at least one multiply con- 
nected Fatou component. The first part of the corollary is a consequence of the 
fact that if T(f) has a completely invariant component then each of its other com- 
ponents, if such exist, is simply connected. Now, c(V) = oo follows from the fact 
that V is not a Herman ring. If Of intersects the Julia set, then V is SCH by 
Theorem 12.11 Theorem 12.21 gives that V is SCH whenever the set Of intersects 
two Fatou components. Note that a multiply connected completely invariant Fa- 
tou component, in particular V, cannot be SCH. Thus, Of is contained in a single 
Fatou component, say U. If U ^ V then V n = V ^ U for all n. By Theorem 12. 3 IT ) 
and (ii), either c(V n ) = 1 for all n or V is SCH. As just observed, none of this can 
be true. Therefore, U — V and Of C U as desired. □ 

Example 2.14. The assumption of Corollary 12.131 is not always true. In other 
words, there are functions g in for which J-(g) has a completely invariant simply 
connected component and consequently, has a connected Julia set. An example is 
g(z) = A + tan z, A G C, which has two omitted values A + i and A — i and hence is 
in Mg. For each A with 3(A) > 0, it is seen that the upper half plane is contained 
in a completely invariant attracting domain, say U [11) . By choosing A = i + 5 
(any other pole of A + tan z can be taken in place of ?■), we observe that ^ is a pole 
as well as an omitted value of g, i.e., O g f]J(g) ^ 0. Applying Theorem 12.11 we 
have c{U) = 1 and consequently, the Julia set is connected. 

Conjecturally, the number of completely invariant Fatou components of a mero- 
morphic function is at most two. This has been proved to be true for rational 
functions, transcendental entire functions and transcendental meromorphic func- 
tions of finite type (those with finitely many singular values). In what follows, we 
confirm this for most of the functions in M a . Note that the functions in the class 
M Q are not necessarily of finite type. 

Theorem 2.15. Let M cv = {/ G M : f has at least one critical value} and 
CIFCf denote the set of all completely invariant Fatou components of f . 

(1) If f e Ml, then \CIFC f \ < 2. 

(2) If f £ M^f]M cv , then \CIFC f \ < 1. 

(3) If f £ Ml^M cv , then \CIFC f \ < 2. 

Remark 2.16. If / G M\ \ M cv is of finite order, then a result of Bergweiler et al. 
[5] guarantees that it has at most finitely many asymptotic values. Consequently, 
/ is of finite type and the number of completely invariant Fatou components is at 
most two. The other case when / is of infinite order remains open. 

Example 2.17. (1) In Theorem EEti), \CIFC/\ can be , 1 or 2. As shown 
in 10], for all A > 1, .F(Atanz) is the union of two completely invari- 
ant components, namely the upper and the lower half planes. The other 
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two possibilities hold for the function Atanh(e z ) for suitable values of A. 
This function has two omitted values A and —A and hence is in M„. A 
critical parameter A* > is found in [T3] such that J 7 (Atanh(e z )) is the 
basin of attraction or parabolic basin corresponding to a 2-periodic point 
for A < A*. In this case, each periodic component has at least a pre-image 
different from itself and therefore, J r (Atanh(e 2 )) has no completely invari- 
ant component. For A > A*, it is proved that J r (Atanh(e 2: )) is a completely 
invariant attracting domain. 
(2) There exists a meromorphic function without any omitted value but with 
critical values such that it has two completely invariant Fatou components. 
For example, the upper and lower half planes are completely invariant Fatou 
components for z + tanz. In this case, there are no omitted values and all 
the critical values are in the Fatou set. Thus Theorem 12. 151 (ii) is not true 
in general for functions without omitted values. 

It has been proved that multiply connected Fatou components are Herman rings 
or their pre-images in most cases. We prove mild restrictions on the possibility of 
these domains. 

Theorem 2.18. Let f £ M . If H is a p-periodic Herman ring of f , then the 
bounded component of H c contains an essential singularity of f p . In particular, 
J-(f) has no invariant Herman ring. Further, if f has only one pole then Herman 
rings of period 2 do not exist. 

A wandering domain U is called Baker wandering if for large enough n, U n is 
bounded, multiply connected and surrounds such that U n — > oo as n — > oo. Given 
any path j(t) : [0, oo) — > C with lim^oo j(t) = oo, 7 intersects U n for all large 
n where U is any Baker wandering domain of /. Consequently, lim^oo f("f(t)) 
cannot be finite. This rules out the possibility of a finite asymptotic value and in 
particular, any omitted value for /. Thus, we have proved 

Theorem 2.19. If f £ M has a finite asymptotic value, then F{f) has no Baker 
wandering domain. In particular, this is the case for all f £ M Q . 

Theorem 12.81 gives a possibility for existence of multiply connected wandering 
domains for / £ M . Eventual connectivity of a wandering domain W of a mero- 
morphic function is said to exist if c(W n ) = p for all sufficiently large n and some 
p £ N. Existence of eventual connectivity in general is a question yet to have a 
complete answer. Zheng obtained the following result. 

Theorem 2.3 (C). [( [18j p. 219})] Let f : C — > C be transcendental meromorphic 
and W be a wandering domain in J~(f). Then, exactly one of the following is true. 

(1) For each n, c(W n ) = 00. 

(2) For all large n, c(W n ) — 1 or 2. 

(3) For all large n, c(W n ) = p > 3 and p is independent of n. In this case, 
f : W n — > W n +\ is univalent for all large n. 
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As an application, it was proved in [18 that for an entire function, the eventual 
connectivity of its wandering domains is 2 or oo if it is a Baker wandering domain 
and 1 otherwise. This is proved by Rippon et al. [15] for meromorphic functions 
with finitely many poles. Here we prove the following. 

Theorem 2.20. Let W be a wandering domain of f G M Q . Then eventual connec- 
tivity of W (ec(W) ) exists. More precisely, 

(1) If f G Mq, Of = {a} C J(f) and J a is singleton and buried, then ec(W) G 
NU{oo}. 

(2) In all other cases, ec(W) = 1. 

Remark 2.21. For a meromorphic function with finitely many poles, a multiply 
connected wandering domain W is Baker wandering if and only if W n is multiply 
connected for infinitely many values of n [15] . From this and Theorem 12.191 we 
conclude that if a function / G M has finitely many poles and has a wandering 
domain W, then c(W n ) = 1 for all but finitely many values of n. In other words, 
eventual connectivity of each wandering domain is one. 

3. Proofs of Theorems E3 E2 EH2 EH and EH 

The following lemma concerning general meromorphic functions is useful for our 
purposes. 

Lemma 3.1. Let f G M and V be a multiply connected Fatou component of f . 
Also suppose that 7 is a closed curve in V with B(pf) |~| J{f) 7^ 0. Then there is an 
n G N[J{0} and a closed curve 7„ C f n {^) in V n such that B(-y n ) contains a pole 
of f. Further, if Of 7^ ; then Of C -B(7„+i) for some closed curve J n +i contained 
in f{ln)- 

Proof. Since / G M and B{^) |"| J(f) 7^ 0, there exists a z G -6(7) satisfying 
f (z) = 00 for some k G N. The set J\f = {m G N : f m (z) = 00 for some z G 
B(~f)} is a non-empty subset of N and the Well-Ordering Property of natural num- 
bers gives that M has a smallest element. Let it be h and set n = n — 1. Then 
n G N1J{0} and /" : £(7) -> C is analytic. Hence, j n = d(f n (B(j))) is a closed 
curve contained in V n with j n C f n ("f) and B{^ n ) contains a pole of /. 

Suppose that the closure of f(B(j n )) contains an element a of Of. Let {wk}k>o 
be a sequence in f(B(j n )) converging to a and for each k, let Zk be a point in 
B{^ n ) satisfying f(zk) — Wk- Then, considering a limit point zq of {zk}k>o we 
observe that zq G B{^ n ). The continuity of / at zq gives that /(zo) = a - This 
is a contradiction since a is an omitted value. Therefore, Of C C \ f(B( i y n )). 
The set f(B{^ n )) is connected and contains a neighborhood of 00. Consequently, 
C \ f(B(j n )) is a non-empty open set whose boundary is contained in f{"f n ) and 
there is a closed (and bounded but not necessarily simple) curve 7 n +i ^= f{ln) such 
that Of C B(7n+i). 

□ 

Remark 3.2. (1) Lemma l3.1l also implies that, if there is a multiply connected 
Fatou component of / for / G M, then there exists a pole such that the 
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component of J(f) containing it is bounded . In other words, if each 
component of the Julia set J'(f) containing a pole of / is unbounded, then 
all the Fatou components of / are simply connected. 

(2) It follows from the proof of Lemma l3.1l that c(Vj) > 1 for all j <E {1, 2,..., n} 
where n is as given in Lemma 13. II 

(3) The second part of the proof of the above lemma gives that Off] f(B) = 
for every bounded domain B. 

Now, we present a lemma that will be used repeatedly. 

Lemma 3.3. Let f 6 M Q and V be a multiply connected Fatou component of f. 
Suppose there are two distinct numbers c\, c 2 6 C such that for every closed curve 
a in Ufc>o ^ k satisfying Of C B(a), we have B(a) f] J{f) ^ and c±, C2 £ B(a). 
Then c(V n ) > 1 for all n and V n is a Herman ring for some n £ N[J{0}. 

Proof. Let 7 be a closed curve in V such that B(^)f]J(f) ^ 0. By Lemma [3.11 
there is an h G N and a closed curve 7^ in V n with 7^ C / n (7) such that Or C 
B("f n ). By assumption of this lemma, we have B(-y n ) f] J{f) 7^ 0. Setting n\ = n, 
we have a multiply connected Fatou component V ni of / and a closed curve j ni in 
V ni with 7 ni C f ni (7) such that B(j ni )f] J{f) ^ 0. Applying Lemma 1331 again to 
7m and V ni , we can find m e N1J{0} such that Of C S(7„ 1+m+1 ) where 7„ 1+m+1 
is a closed curve with 7„ 1+m+ i C / m+1 (7 ni ) C V ni+m+ i. Set n 2 = n\ + m + 1 
and observe that 712 > n\. This argument can be repeated since V n2 is a multiply 
connected Fatou component (which follows from assumption) containing a closed 
curve 7„ 2 such that B(-y n2 ) f] J(f) ^ 0. An inductive argument gives rise to an 
increasing sequence {nk}k>o such that Of C B(pj nk ) for each k. It is clear from 
Remark 13.21 (ii) that c(V n ) > 1 for n € N \ {ni, n 2 , n 3 ...}. Since the above 
considerations give c(V n ) > 1 for n G {n 1; n 2 , n 3 , ...}, we conclude that c(V^) > 1 
for all n. 

Since the sequence {/™}„>o is normal on V, {f nk }k>o has a subsequence con- 
verging uniformly to a function g(z) on compact subsets of V. Without loss of 
generality, we denote this subsequence by {f nk }k>o- Now, if g(z) is a constant 
function c£C then two cases arise as follows. 
Case I: c 6 C 

Since {ci, C2} C B(p/ nk ) for each fc, we can choose a finite point c' in {ci, C2} \ {c} 
that is contained in B{^ nk ) for all k. Now, each ball around c with radius less than 
c — c'| will contain r ) rLk for all sufficiently large k. This gives that c' ^ B(j nk ) for 
sufficiently large fc leading to a contradiction. 
Case II: c = 00 

Now we have that f nk y — > 00 uniformly on compact subsets of V, and 7„ fc — > 00 
as k — > 00. Since Of C B(^y nk ), we can assume that, there is a pole in each 
B iln h )- Then, by Lemma EH1 0/ C B(-/ nk+1 ) where 7„ fc+ i C /(7„J is a Jor- 
dan curve as given in the lemma. If 7n fc +i has a finite limit then, after passing 
down to a subsequence if necessary, a contradiction can be obtained as in Case 
I. Therefore, Jn k +i ~> 00 an d f nk+1 (l) — > 00 as k — > 00. There exists a tract 
U over a small neighborhood of a £ O/. Obviously, 7„ fc R C/ ^ for each A; and 
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f(ln k ^ U) is contained in a small neighborhood of a and at the same time, we have 
f(ln k n U) C /" fc+1 (7)- This is a contradiction. 

Thus, f 7lk \v converges uniformly to a non-constant function. In particular, V is 
not a wandering domain and V n is periodic for some n G N(J{0}. Since c(V n ) > 1 
for all n, V n cannot be a Siegel disk and it must be a Herman ring as desired. □ 

Remark 3.4. (1) Let the second sentence of the assumption of the Lemma 13.31 
be modified as "Suppose there is a complex number c such that for every 
closed curve a in lJfe>o ^ satisfying Of C B(a), we have B{a) f] J(f) ^ 
and c € B(a)" . Then, we still get c(V n ) > 1 for all n € N. However, it is 
not true in general that V ultimately lands on a Herman ring in this case. 
(2) Following the arguments of Lemma l3.ll it is seen that if J-(f) has a multiply 
connected component V then a closed curve a exists in lj fc>0 Vk such that 
OfCB(a). 

Proof of Theorem \2.1\ Let V be any multiply connected Fatou component. Also, 
let a be a closed curve in U fe>0 T4 such that Of C B(a). Such a closed curve 
exist in view of Remark l3.4( ii). Then B(a) p| J(f) by assumption. If / G M% 
then choose c\, C2 to be the omitted values of /. If \0f \ = 1 and \ Jo s \ > L then 
choose any two distinct points of Jo s as c\ and c^. Now, ci, C2 £ B(a) and are 
independent of a. Therefore, V is SCH by Lemma [3731 

□ 

Proof of Theorem \2.S\ (1) Suppose V is a multiply connected Fatou compo- 
nent of / and a is a closed curve in V such that B(a) P| J(f) i= 0. By 
Lemma f3.1[ there is an n £ N and a closed curve a n C f n (a) C such 
that O s C S(a n ). Since Ui f] Of ^ for i = 1, 2, we have U l f| B(a„) ^ 
for each i. Further, if Ui is unbounded for some i, then Uif]a n ^ $ and 
consequently, = T^. Let (a) hold. Then each Ui is unbounded and we 
have V n — Ui for each i which means that U\ ~U2- This contradicts our 
assumption that U\ ^ U2- Now, let (b) be true. Then U\ is unbounded 
and simply connected. We have U\ = V n . Since Of C B(a n ) and Ui ^ Ui, 
it follows that U2 C B(a n ). Therefore, J7f has a bounded component con- 
taining C/2- In particular, c(C/i) > 1. But c{U\) = 1 is assumed in (b). 
Therefore, all the Fatou components of / are simply connected whenever 
either (a) or (b) is satisfied. 

(2) Let (c) be true. Then U± is a multiply connected unbounded component 
with U2 contained in the unbounded component of f/f . Considering U\ in 
place of V and arguing similarly as in the first portion of the preceding 
case, we can get U\ +n = U\ for some n 6 N|J{0} and U2 contained in a 
bounded component of C/f. However, this contradicts the assumption made 
in (c). Thus, the possibility (c) cannot be true. 

(3) Suppose V is a multiply connected Fatou component of / and a is a closed 
curve in U fc>0 Vk such that Of C B(a). Such a closed curve a exists in 
view of Remark ETHii). Then Uif)B(a) ^ for i = 1, 2. Let (d) be 
satisfied. Unboundedness of U\ gives Uif^B(a) ^ and dU2 C B{a). 
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Similarly, if (e) is satisfied then at least one element of {dUi, dl/2}, say 
dUi, is contained in B(a). Choose two distinct points ci, C2 in B{a) f] dUi 
if (d) is true or in B(a)f]dUi if (e) is true. Then c%, C2 G B{a) and 
B(a) p| J(f) 7^ for each closed curve a in lj fc>0 Vk with Of C B{a). By 
Lemma [331 V is SCH. 

□ 

Lemma 3.5. Suppose f G M Q . IfOff]U 7^ for some Fatou component U, then 
c(Ui) = 1 implies c(U) = 1. 

Proof. Assume U\ ^ U because the proof is trivial for U = U\. Suppose U is 
multiply connected and a is a closed curve in U with B(a) f] J{f) 7^ 0. If B{a) 
contains a pole of /, then there exists a closed curve ct\ C f(a) C ?7i such that 
Of C B(ori). It gives that dU C B(ai) and consequently, B(ai)f)J(/) 7^ 0. If 
B(a) does not contain a pole of /, then / is an analytic function on B(a) and 
we have B(ai) f] J{f) 7^ 0. Thus, c(U\) > 1. In other words, c(U\) = 1 implies 
c(U) = 1. 

□ 

Proof of Theorem \2.3[ (1) If Vfc is multiply connected for some k G N[J{0}, 
then by Lemma 13.11 there is a closed curve a C V m for some m > k such 
that O/ C B(a). Since K U for any n G N1J{0} and Of C U, we have 
9f C B(a). However, this is not possible if U is unbounded. Therefore, U 
is unbounded implies c(V n ) = 1 for all n. 

(2) If a is a closed curve in \J k>0 Vk such that O/ C B{a) then 91/ C B(a) 
since / f/ for any n G N[J{0}. This means that B(a) intersects the 
Julia set and contains two points c\, ci of dU for any closed curve a in 
U fc >o V k with Of C B(a). By Lemma|331 V is SCH. 

(3) Setting V = U u we observe that V n = U 1+n ^ U for any n G N1J{0}. If 
U is unbounded, then c(U n ) = 1 for all n G N by Theorem O (i) • If 

is bounded, then V = U\ is SCH by Theorem I2.3f ii). In fact, the proof 
of Theorem 12. 3f ii) gives that V n = U\+ n is SCH whenever U is bounded. 
Consequently, if c(V n ) > 1 for any n G Nlj{0} then V n * is a Herman ring 
for some natural number n* . This is not possible since V is already assumed 
to be a wandering domain. Therefore, c(V n ) = 1 for all n and as result, 
we get c(U n ) — 1 for all natural numbers n. Now, simple connectedness of 
Uq = U follows from Lemma T3.5I and the proof is complete. 

(4) Observe that Uk 7^ U for k G N since U is pre-periodic but not periodic. 
If U is unbounded, then c(U k ) = 1 for all k G N by Theorem O (i). 
Lemma [331 gives c{U) — c(U ) = 1. If U is bounded, then c{U) > 1 implies 
c(U%) > 1 by Lemma T3. 5 1 By Theorem 12.31 (ii), U\ is SCH which means U 
is SCH. 

(5) The component U cannot be a Herman ring as it contains at least one 
omitted value. Therefore, c(U n ) = 1 or 00 for all n. 

□ 
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Now, we present a lemma before giving the proof of Theorem 12.61 The proof 
of the lemma follows trivially. Recall that J z denotes the component of J(f) 
containing z. 

Lemma 3.6. Let f 6 Mj and Of = {a} C J{f)- Suppose U is a Fatou component 
of f and dU contains a point s £ C such that J s is singleton. Then Jf( s ) * s a 
singleton component of dU± where we take /(oo) = a. In particular, c(U n ) = oo 
for all n. 

Proof of Theorem \2.6[ That the component J a of the Julia set is a singleton and 
not buried means J a C dU for some Fatou component U and c(U) = oo. Taking a 
closed curve 7 in U with £(7) P| J(f) 7^ and arguing similarly as in the first part 
of the proof of Lemma |3~31 a sequence of closed curves {7 ra) .}fc>o can be found such 
that J a C B(j nk ) for a closed curve 7„ fc C f nk (j) C U nh . Note that c(U nk ) > 1 for 
each k. Further, if f nk \u has a constant limit function, then it can only be 00 or 
a. In view of the arguments of Case-II of the proof of Lemma 13.31 we can assume, 
without loss of generality, that f 7lk \u — > a as k — > 00 and c(U nk ) > 1 for each k. 

Suppose U is a wandering domain. Then, U„ k ^ U n , for k ^ k! and it follows 
that J a is a buried component of the Julia set: a contradiction. Therefore, U p is a 
periodic Fatou component for some p. 

Suppose {Up, Up+x, U p+ 2, —, U p+ (i^i)} is the /-periodic cycle of Fatou compo- 
nents. Then, there is a subsequence {n.fe(i)}i>o of {n^} and some t £ {p, p + 1, p + 
2, ...p+ (I — 1)} such that (Ut) C [7 t . Further, if C7 p is an attracting domain or 
a parabolic domain, then f nk{i) \u t -> a as i -> 00. Since a G J(f), U, and hence 
t/p, is not an attracting domain. Also, U p cannot be a parabolic domain because 
a C B(-f, lk(i) ) for each i. We have already observed that c{U nk ) > 1. Consequently, 
t/p cannot be a Siegel disk. By Lemma 13.61 c(U p ) = 00 and hence U p is not a 
Herman ring. The only remaining case, which must be true, is that U p is a Baker 
domain. That the period of U p is at least two and a is a pre-pole follow from the 
fact that a is a finite complex number and is a limit function of f n \u p - 

For any multiply connected Fatou component V not landing on a Herman ring, 
the above argument clearly shows that V n — B for some n £ N1J{0}. 

Setting B = U p , we observe that c(B) — 00. Further, J-(f) has no completely 
invariant component since B is not itself completely invariant and any other com- 
pletely invariant component would imply c{B) — 1. Now by Theorem B, singleton 
buried components are dense in the Julia set. 

□ 

Now, we proceed to prove Theorem 12.81 

Proof of Theorem \2.8[ Let W be any multiply connected Fatou component not 
landing on a Herman ring. Following the argument of the proof of Lemma 13.31 we 
observe that J a C B(W mk ) and f mk \w — > a for some subsequence {mfc}fc>o- Now, 
J a is buried gives that W does not land on a periodic Fatou component and hence, 
is wandering. 
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Suppose that !F(f) has a multiply connected wandering domain. If the forward 
orbit of a is finite then we can find a subsequence {mk(i)}i>o of {nik}k>o such 
that / m fc(i) \ w —j. a as i —> oo. Applying Proposition 1 of [T7] to this situation we 
conclude that a is a pre-pole. But this is not possible by Corollary 12.71 (i). Thus, 
the forward orbit of a is an infinite set. Evidently, each point of the grand orbit of 
a (this is the set of all points z satisfying f m (z) = f n (a) for some m, n 6 N) is a 
singleton buried component of the Julia set which is clearly dense in J(f). □ 

4. Proofs of Theorems [2~TTl [2~T5l |2~T51 and |2~2"U1 

The following result is due to Bolsch [7] and is stated in a simpler form to suit 
our purpose. 

Theorem 4.1 (D). Let f : C — > C be a transcendental meromorphic function. 
If H C C is a domain and G is any component of f^ 1 (H), then exactly one of the 
following holds. 

(1) There exists n 6 N such that f assumes in G every value of H exactly n 
times. In this case, c(G) — 2 = n(c(H) — 2) + v and v < 2n — 2, v denoting 
the number of critical points of f in G counting multiplicities. 

(2) / assumes in G every value of H infinitely often with at most two excep- 
tions. In this case, c(H) > 2 implies c(G) = oo. 

In the above theorem, we say G is an island of multiplicity n over H if (i) holds 
( / : G —> H is a proper map in this case). If (ii) holds, then G is said to be a 
tongue over H. 

Proof of Theorem \2.11\ If singleton buried components are dense in J(f), then it 
clearly follows that J(f) is disconnected and T(f) has no completely invariant 
components. 

Conversely, suppose T(f) has no completely invariant components and J{f) is 
disconnected. If all the Fatou components of / are simply connected then J{f) 
is connected, which is against our assumption. Therefore, J-(f) has at least one 
multiply connected component, say U. In view of Lemma 13. 11 we can find an n such 
that U n contains a closed and bounded curve 7 with Of C B(j). Let B — B(j) 
and -B_i be a component of f^ 1 (B). Since / does not take two values of B in 
the map / : B_i — > B cannot be proper. By Theorem D, B_\ is a tongue 
over B. Then B_i is a component of \ Or) and is a tongue over B \Of. 

Observing that c(B \ Of) = 3, we have c(£?_i) = 00 by Theorem D(ii). Clearly, 
_B_i is unbounded as each singularity lying over an omitted value is transcendental. 

Let all the bounded components of the boundary of £?_i be enumerated by 7$ 
for i S N. For each i, f{"fi) C 7 gives that / has no pole on 7,. Next, we assert 
that each 7, is a continuum (compact and connected set) separating the plane and 
D J'(f) 7^ 0- ^ 7* does not separate the plane for some i, then a Jordan 
curve a can be found in _B_i such that 7j C 5(a) and / : B{a) — ¥ C is analytic. 
By the Maximum Modulus Principle, f(B(a)) contains f(ji). Since /(7i) C 7, 7 
is connected and d(f(B(a))) C /(a) does not intersect 7, we have 7 C f(B(a)). 
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However, this is not possible because f(a) is a closed curve in B, B is simply 
connected and 7 = dB. Therefore, each ji is a continuum separating the plane. 
If /(7i) is properly contained in 7 for some i then f(B(ji)) D (C \ Of) \ /("ft) 
where B(7i) is the union of all bounded components of C \ 7*. If /(7i) = 7 then 
f(B{^i)) — C\B as B{^fi) P| B_i = 0. In any case, f(B(~fi)) contains 00 and hence 
/ has a pole in B(ji), which proves our assertion that B(ji) f] J(f) ^ 0. Note that 
B(^i) C B(^j) is not possible for any i j as each 7^ is a bounded component of 
<9£>_i and B_i is an infinitely connected unbounded domain. Observe that each 74 
is a continuum in the Fatou set and 7^ has at least two components intersecting the 
Julia set. This implies that either F{f) has an infinitely connected component or 
has infinitely many components, each of which is at least doubly connected. This 
satisfies the assumption of Theorem A(ii) and we have that singleton components 
are dense in the Julia set. If any of these components is not buried then an infinitely 
connected Fatou component is found and it follows by Theorem B that singleton 
buried components are dense in the Julia set. This completes the proof. □ 

The lemma to follow relates completely invariant Fatou components with the 
omitted values of a meromorphic function and will be used for proving Theo- 
rem EH Recall that Af D fc = {/ G M : \O f \ = k} for k G {1, 2} and let 
CIFCf = {V : V is a completely invariant Fatou component of /}. 

Lemma 4.1. Let M cv = {/ G M : f has at least one critical value}. 

(1) Let f G M 2 and U G CIFCf. Then c{U) = 1 if and only if\Uf]O f \ = l. 

(2) Let f G M Q f]M cv and let U G CIFCf be such that c{U) = 1. Then 
CVf CU or Of <Z U where CVf denotes the set of all critical values of f. 
In particular, if f G M c 2 f]M cv , U G CIFCf and c(U) = I, then CVf G U. 

Proof. (1) Let / G M D 2 and U G CIFCf. Suppose that c(U) = 1. First, we 
shall prove \OfC\U\ > 0. If this is not true, then Of = {a, b} C U c . 
Take a point u G U (which is neither a critical value nor an omitted value 
of /) in a neighborhood of which f^ 1 has a well-defined analytic branch. 
Let this branch be </>. By the Gross Star Theorem Proposition I] , <fi 
can be continued analytically along a Jordan curve 71 passing through 
u and winding around a exactly once but not winding around b. The 
curve 7 defined by 0(71) has its end points u\ and U2 in U, which can 
be joined by a simple curve f3 entirely contained in U. This is possible 
since U is completely invariant and path connected. Setting A — B^U /3), 
the bounded component of (j\J(3) c , we observe that Of (A) G 71 1J /(/?)■ 
Further, f(j3) c U and c(U) — 1 give that /(/3) winds around neither a nor 
b. This means 71 1J f(/3) winds around a but not around b. Now, if / is 
analytic in A then A\U is mapped into B( r yi)\U and, consequently, a is in 
the closure of f(A). This is not possible by Remark [3T2l (hi). Supposing / 
has a pole in A, we observe that b is in the closure of f(A) which is also not 
possible because of Remark 13.21 (hi). Thus, we conclude that \Of f]U\ > 0. 
Note that U is a tongue over U \ Of. If \O f f]U\ = 2 then c(U \ O f ) = 3 
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and we have c(U) — oo by Theorem D(ii). This contradicts our initial 
assumption that c(U) — 1. Thus, |0/p|f I = 1- 

Conversely, let \O f f\U\ = l. If c(U) > 1 then O/ C U by CorollarydTl 
which means that \Of p| U\ — 2 and our assumption is contradicted. There- 
fore, we conclude that c(U) = 1. 
(2) Let / G M o f]M 0V and let U G CIFCf be such that c(U) = 1. Suppose 
that CVf C ?7 is not true. Then a critical value c can be found in U c . 
As in (i), take u G J7 such that it is neither a critical value nor an omitted 
value, an analytic branch (j) of / _1 defined in a neighborhood of it, a Jordan 
curve 71 passing through u and winding around c once but not around any 
omitted value such that <j) can be continued analytically along 71. If / is 
analytic in A = .6(7 U/3), then 71 (J f{j3) winds around the critical value 
c at least twice. Since c(U) = 1 and f(0) C U, 71 winds around c at 
least twice. This is not true. Suppose / has a pole in A. If Of C U 
does not hold, then by repeating the arguments of the proof of (i) of this 
Lemma, a contradiction can be obtained. Thus, we conclude that Of GU. 
If / e M^C\Mcv, U G CIFC f and c{U) = 1, then \Uf]O f \ = 1 by 
Lemma [OJi). As / G M^, 0/ C {/ is not possible. Therefore, CVf C U. 

□ 

Proof 0/ T/ieorem 003 (1) Suppose / G M 2 Q and \CIFC f \ > 2. Then each of 
the completely invariant components is simply connected. Further, each 
of them contains exactly one omitted value by Lemma I4.1f i). This is not 
possible since |0/| = 2 < \CIFCf\ and we conclude that \CIFCf\ < 2. 

(2) Suppose / G M^C\M CV and \CIFC f \ > 1. Then each of the completely 
invariant components is simply connected. Further, each of them contains 
either CVf or 0/ by Lemma 14.11 (ii). By Lemma l4.1f i). Of cannot be 
contained in a single completely invariant Fatou component, which implies 
that each of these components must contain CVf. This is not possible 
because \CIFC f \ > 1. Thus, \CIFC f \ < 1. 

(3) Suppose / G M^f]M cv and \CIFC f \ > 2. Then each of the completely 
invariant components is simply connected. Lemma I4.1f ii) gives that each 
of these components either contain CVf or Of. This cannot be true if 
\CIFC f \ > 2 and we conclude that \CIFC S \ < 2. 

□ 

Proof of Theorem \2.18i Suppose H is a p-periodic Herman ring and 7 is an f p - 
invariant curve in H . Let B(H) denote the bounded component of H c . An essential 
singularity of f' p cannot be in H and B(H) = B(j) \ H . Therefore, it is sufficient 
to prove that £(7) contains an essential singularity of f p . If f p is analytic on ^(7) 
then /p(£( 7 )) = 5(7) and f p {B{^)) = B( 7j ) C H 3 for j = 1, 2, 3,..., p - 1 
where jj = / J (7). This implies that IJfcLo f k {B{l)) is bounded, which is not 
possible since -6(7) intersects the Julia set. Therefore, f p has at least a singularity 
in B(-f). Now suppose that all these singularities are poles. Then f p (B(-f)) is an 
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unbounded domain with its boundary contained in f p {^) — 7. Since there are f p - 
invariant curves in Hf^B^), f p (B(-f)) intersects .6(7) and df p (B(-y)) is properly 
contained in f p (j) — 7. Consequently, the closure of f p (B{^)) = f{f p ~ 1 {B('y))) 
contains an omitted value of /. This is not possible by Remark 13.21 (iii) because 
f p ~ 1 (B('-f)) is bounded. Thus, f p has an essential singularity in B(H). 

For p = 1, 00 is the only singularity of f p and for each invariant Herman ring 
H, 00 6 B(H). This is evidently not possible and we conclude that F(f) has no 
invariant Herman ring. 

Suppose / has a single pole wq and it has a cycle of Herman rings {Hq, Hi} of 
period 2. Since wq is the only finite essential singularity of J 2 , we have wq G B(Hi) 
for i = 0, 1. That means the Herman rings are nested. Let B(H\) C B(Ho). Take 
an / 2 -invariant Jordan curve 7 in Hq and set 71 = f(-f). The set A defined by 
5(7) \ B(ji) does not contain the pole wq and dA — 7IJ71 is preserved under /. 
Thus, f(A) = A and f n {A) = A for all n. This negates the fact that Af)J(f) ^ 0. 
Therefore, Herman rings of period two do not exist for / £ M a if / has only one 
pole. 

□ 

A proof of Theorem C using Theorem D is given for the sake of completeness. 

Proof of Theorem C. Suppose that (i) is not true. Then c(W m ) is finite for some 
to. If there is a k with 1 < c(Wk) < 2, then noting that Wk is either an island or a 
tongue over Wk+i, it follows from Theorem D that I < c(Wk+i) < 2. Consequently, 
1 < c(W n ) < 2 for all n > k and conclusion (ii) holds. On the other hand, if 
I < c(Wk) < 2 does not hold for any k then in view of Theorem D, we get that 
/ : W n — > W n +i is proper for all n > to and by Theorem D(i), c(W n ) > c{W n +i) > 
c(W n +2)— > 3. Therefore, c(W n ) — p > 3 for all large n and p is independent of 
n. Now, it is easy to see from Theorem D (i) that / : W n — > W n +i is univalent 
for all large n. □ 

Proof of Theorem\EM (1) If c(W n ) = 1 for all n e N, then ec(W) = 1. Sup- 
pose c(W n ) > I for some n. Then, c(W n ) > 1 for all large n by Re- 
mark EQJi). It follows from Theorem C that ec(W) exists and is 00, 2 or 
p > 2. 

(2) It is clear from Theorems [2Tj [ZH and [2J] that in each situation dif- 
ferent from that assumed in (i) above, each multiply connected Fatou com- 
ponent is either pre-periodic or a wandering domain V such that c(V n ) = I 
for all n. Therefore, ec(W) = 1. 

□ 
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